In this paper, the finite-time stability criteria are extended to nonlinear nonhomogeneous perturbed fractional-order systems including multiple time-varying delays. The sufficient conditions of a stability for the fractional systems with multiple time delays are obtained by using the generalized and classical Gronwall's approach. A numerical example is presented to illustrate the validity of the obtained result.
Introduction
N recent years, fractional differential equations are extensively studied [1, 2] . The existence of solutions of the fractional differential equations is studied in [1] . The existence and uniqueness of solutions of the linear fractional differential equations for the fractional timedelay systems is considered in [2] . Time delays are present in various engineering systems, such as long transmission lines, hydraulic, pneumatic, and electric networks, chemical processes, etc. Time-delay systems are described by differential-difference equations. This type of equations belongs to the class of functional differential equations [3] .
Stability is an important issue in the system and control theory. Stability of time-delay systems has been investigated over the last few decades [4] . Stability analysis of time-delay systems is more complicated than stability analysis of the systems without time delays because timedelay systems include the derivative of the time-delayed state. The existence of pure time delay, regardless if it is present in the state or/and control, may cause an undesirable system transient response, or generally, even an instability [5] .
In the stability analysis of time-delay systems, two approaches have been adopted [5] . One approach involves the stability conditions that do not include information on the delay, and in the other approach, the stability conditions take into account information on the delay. The first approach is called the delay-independent criteria and generally provides simple algebraic conditions. Because there is no upper limit to time delay, the delay-independent criteria are often regarded as conservative in practice, where the unbounded delays are not realistic.
The largest number of stability conditions for time-delay systems deal with linear models. Both necessary and sufficient conditions have been developed for some special cases, which are mainly delay-dependent. In many papers, the stability criteria are presented by using the Lyapunov's second method and the concept of matrix measure [6, 7] .
Various concepts of stability, such as finite-time stability, practical stability, robust stability, internal stability, external stability, have been studied for fractionalorder systems in [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] . Finite-time and practical stability is considered in the papers [8] [9] [10] [11] [12] [13] [14] . Robust stability results for the linear fractional systems are presented in [15] . Matignon [16] studied the internal stability and external stability (bounded input-bounded output (BIBO) stability) of linear fractional systems. Stability analysis of the linear fractional systems with multiple delays is discussed in [17] . Analytical stability bound for the fractional delayed systems by using the Lambert function is investigated by Chen and Moore [18] .
The stability of the fractional-order systems cannot be analyzed by using the algebraic criteria that are developed for stability analysis of integer-order systems, such as the Hurwitz criterion, since the fractional systems do not have characteristic polynomial. Instead, the fractional systems have pseudopolynomial with a rational power-multivalued function. The Lyapunov methods have been developed for the analysis of stability of the linear and nonlinear integer systems and have been extended to the analysis of stability of the fractional systems.
On the other side, there are only few papers that consider the non-Lyapunov stability (finite-time and practical stability) of the fractional systems. Recently, for the first time, the finite-time stability of the fractional delay systems is reported in [19] . Using the recently obtained generalized Gronwall inequality [20] , the stability test procedure for the linear nonhomogeneous fractional systems with a constant time delay is suggested in the paper [21] .
Besides, there are also many systems with multiple time 
is defined as [25] :
where a and t are the limits of the operator, ( ) Γ ⋅ is the Euler's gamma function which is defined by the Euler integral of the second kind:
Gamma function is a generalization of the factorial for noninteger arguments. The reduction formula holds:
For a special case
α ∈ the Riemann-Liouville fractional derivative is given by:
The RiemannLiouville fractional integral of the order , ( ) ( ) ( )
is a floor operator, and 
The Caputo fractional derivative of the order , α for ,
and for 0 , α ∈ it is given by [26] : 
with the associated function of the initial state: 
, .
A linear nonhomogeneous fractional system including time-varying delays in state and input (control) can be described by a linear nonhomogeneous fractional statespace equation: 
with the associated function of the initial state:
and the associated function of the initial control: 
A nonlinear nonhomogeneous perturbed fractional system including time-varying delays in state and control can be given by a nonlinear nonhomogeneous fractional state equation: 
where ,
constants. In this paper, the norm ( )
the Euclidean matrix norm ( ) δ ε < These sets are assumed to be bounded, connected, and open. In this paper, the set ρ S is defined as
The initial functions (15) and (16) and their norms can be given in general form as:
max ,
where ( ) , ,
⎦ respectively, mapping these intervals into n with the topology of the uniform convergence. Here, it is assumed that the smoothness condition is present so that there is no difficulty with the questions of existence, uniqueness, and continuity of solutions of systems with respect to the initial conditions.
The definitions of the finite-time stability will be given for homogeneous system (11) and for nonhomogeneous system (14) or (18) with the associated initial functions.
Definition 5. The fractional delayed system given by a linear homogeneous state equation (11) 
implies:
Definition 6. The fractional delayed system given by a nonhomogeneous linear (14) or nonlinear (18) state equation satisfying initial conditions (15) and (16) 
and
imply:
The finite-time stability analysis of nonlinear nonhomogeneous perturbed fractional systems with a constant time delay is suggested in [32] . The non-Lyapunov (finite-time) stability and stabilization of nonlinear nonhomogeneous perturbed fractional systems with timevarying delay is proposed in [33] for the system: are known real positive constants. Theorem 1. [33] The nonlinear nonhomogeneous fractional delayed system (26), satisfying the initial condition (12) and assumption (27) , is a finite-time stable
where:
( ) 
The finite-time stability of nonlinear nonhomogeneous fractional systems including multiple constant time delays in state is presented in [34] for the state equation: (31) with the associated function of the initial state:
and vector functions ( ), 
Main Results
As a main contribution of this paper, the finite-time stability results are extended to the class of nonlinear nonhomogeneous perturbed fractional system with multiple time-varying delays in state and multiple time varying delays in control.
The sufficient conditions that enable system trajectories to stay within the a priori given sets for this class of systems are obtained. First, the conditions are obtained by using generalized Gronwall inequality, and then by using classical Bellman-Gronwall inequality.
Theorem 3. The nonlinear nonhomogeneous perturbed fractional delayed system (18), satisfying initial conditions (15) and (16) 
Applying the norm on equation (37) and using the triangle inequality for vectors, an estimate of the solution ( ) (38) Now, applying the norm on equation (18) and taking into account the assumptions (19) , it follows that: 
1, 2, , , 
Expanding (45) leads to: ( ) ( 
Introducing a nondecreasing function ( ) g t in the following manner:
and using generalized Gronwall inequality [20] , leads to:
and then to: 
Based on the previous result, the following special cases can be obtained.
Theorem 4. The linear nonhomogeneous fractional delayed system (14) that satisfies the initial conditions (15) and (16) .,
const., Similarly, by using classical Bellman-Gronwall inequality (Appendix B -Lemma B.3), the following result can be obtained.
Theorem 6. The nonlinear nonhomogeneous perturbed fractional delayed system (18), satisfying initial conditions (15) and (16) 
( ) Proof. The proof immediately follows from the proof of Theorem 3 and applying the Bellman-Gronwall inequality (Lemma B.3). For the sake of brevity, the proof of Theorem 6 is omitted here.
Also, from Theorem 3, the finite-time stability condition for classical (integer-order) system can be obtained. ( 1) α = and there is a single constant delay in state and a single constant delay in control, and taking into account condition (61), one can obtain the same condition which is related to integer-order time-delay systems (see [35] ).
The proposed results can be applied to any fractionalorder or integer-order time-delay model. An example of time-delay model can be found in [36, pp. 261-262] . Recently, the finite-time stability for a class of fractionalorder delayed neural networks as well as for the fractionalorder complex-valued memristor based neural networks including time-varying delays was considered and presented in [37, 38] , respectively.
Numerical Example
A nonlinear nonhomogeneous perturbed fractional system with multiple time-varying delays in state and control is given by the state equation: 
From (69), the estimated time of the finite-time stability is:
The system (62) with the initial conditions (64) All these conditions are only sufficient. If the obtained estimated time is equal or larger than the given time, it always means that the given system will be stable over the given time interval. On the other hand, if the obtained estimated time is smaller than the given time, it does not mean that the given system will not be stable over the given time interval. In the previous example, both results give estimated times that are larger than the given time.
Conclusion
This paper deals with the non-Lyapunov stability of the fractional-order time-delay systems. The main features of the finite-time and practical stability are extended to the class of nonlinear nonhomogeneous perturbed fractional systems including multiple time-varying delays in state and multiple time-varying delays in input (control). Sufficient conditions of stability are obtained for the given class of systems using generalized Gronwall inequality. The illustrative example is given to support the obtained analytical result. 
